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ABSTRACT

In order to investigate the influence of different factors on the accumulation of the
discrepancies in the precise levelling, three regression models are compared.

Using their residual plots, a heteroscedasticity is detected in that model which is based
on the levelling distance.

More homoscedastic plots have been yielded in the model based on the sum of the
absolute values of the elevations in the sections.

According to the above results and the minimal square error of the last model, a
conclusion of superiority of the measured elevations for forming of the discrepancies over the
levelling distance is made.

1. Introduction

The First Order Levelling is the most accurate method for vertical measurements and is
commonly used in scientific tasks [1L — 4] and applied geodesy [5 — 7] when the highest
possible accuracy is necessary.

In order to respond to the increasing requirements which the precise levelling faces
with, the study of the factors that affected its accuracy continues. More often various methods
of the statistics are applied [8 — 10].
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One of the preferred techniques is the ordinary least-squares regression [11 — 14]. Using
this method, the classic relationships between the discrepancies |d| and the square roots of the
levelling distances in the sections have been investigated [8]. A step out of beaten track was
done by [9], where some models of the discrepancies |D| as a function of the length of the
levelling lines has been studied.

A suggestion to look in a different direction was made by [15]. A systematic effect of
the inclination of the levelling routes were detected [16 — 19]. As a result, some different
regression models have been analyzed [10] and weights based on the sum of the absolute
section elevations in the levelling lines have been recommended [10, 20]. Also, new allowable
differences |D| between both the forward and backward measurements in lines have been
developed [21].

The current paper is an extension of [10, 21, 22] but this time the focus is on the
discrepancies |D| between both measurements among fundamental bench marks I and 11 order.

There are 225 sublines, which are defined by the above-mentioned bench marks. The
minimum length is 4,312 km and the maximum one is 77,943 km. The average length is
25,028 km [23].

The reason why the sublines are object of the current investigation is because of the fact
that they are the link between the levelling sections and lines. The sections are too short for
some systematic accumulation of errors, but the lines are long and along them there are some
error compensations.

2. The Model |D| = aL®®

This is the most famous levelling model in the world. Another question is whether this
model is the most appropriate for the territory of Bulgaria?

Using least-squares regression and the measured data of the Third Levelling of Bulgaria
[11] the coefficient a = 1,237 is yielded. The standard error of this model is determined to be
equal to 5,032 mm. Residuals and Absolute Residual Plots are created and pictured in Fig. 1
and Fig. 2, respectively.
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Figure 1. Residuals of the model |D| = 1,237L°%®
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Absolute Residual Plot
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Figure 2. Absolute residuals of the model |D| = 1,237L°°

Looking at Fig. 1 and Fig. 2 one can see well-expressed heteroscedasticity or unequal
dispersion of the residuals. This fact clearly shows that the square root of the levelling distance
is not the variable in the regression model which explains |D| in the best way because of the
failing of the basic linear regression assumptions [11 — 14, 24]. Moreover, the presence of
unequal dispersion of the residuals is a serious obstacle for building reasonable confidence
bands, further on for allowable limits of the discrepancies |D|.

There are some recommendations for solving this issue. One decision is the usage of
weighted least-squares regression [11, 24]. This approach will be applied in a further
publication. This paper will discuss two other techniques to cope with the detected
heteroscedasticity in the model |D| = aL®®. These fixes are the first two approaches listed on
[12]. Let us start with the first one.

3. The Model |D| = aL”

In fact, the model |D| = aL” is a nonlinear model but it can easily turn into linear form
by taking a natural logarithm of its both sides (1) — (2).

In|D|:In(aLb), 1)

In|D|=Ina+binL, 2

Now, by applying an ordinary least-squares regression, it is easy to yield the
coefficients a and b in (2). According to the used data [11], a = 0,39311 and b = 1,05757. This
fact reclaims the conclusions which were made in [9] where the First and the Second Levelling
of Bulgaria were analyzed and as a result, the model |D| = 0,33L% was obtained.

The standard error of the model |D| = 0,39311L>%"" which is produced with the data of
sublines in the Third Levelling of Bulgaria, is estimated of 8,953 mm. The last value is greater
than the standard error of the model from section 2 — |D| = 1,237L%°. What is more, there is not
any proceeding with the heteroscedasticity, as can be seen in Fig. 3 and Fig. 4.

277



Consequently, a different variable in the regression model should be used.

Residual Plot
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Figure 3. Residuals of the model |D| = 0,3931L.1%7
Absolute Residual Plot
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Figure 4. Absolute residuals of the model |D| = 0,3931L.2%

4. The Model |D| = a + b[|h[]

The model |D| = a + b[|h[] derives from (3).

n n-1 k k-1
Dag =§q —;ai +__qu —;ai : €)
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The denotes b, a, n and k in equation (3) are the backward rod reading, the forward rod
reading, the number of the backward and the forward levelling stations along the line,
respectively.

Utilizing the Third Levelling of Bulgaria data, the regression model |D| = 2,653 +
0,0079[|h|] has been produced. The standard error of this model is equal to 4,814 mm, which is
the least standard error of the models analyzed here. The more important thing is a step ahead
in solving the inequality of the residual dispersion — Fig. 5 and Fig. 6.
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Figure 5. Residual of the model |D| = 2,65 + 0,00786[|h|]
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Figure 6. Absolute residual of the model |D| = 2,65 + 0,00786[|h(]

Actually, if one uses a self-weighted regression [25], a better regression model with
standard error equal to 3,858 mm and expression |D| = 2,006 + 0,0085[|h|] will be yielded.
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Looking at Fig. 5 and Fig. 6 one can see more homoscedastic spread of the residuals
than in Fig. 1 — Fig. 4. Also, it can be seen that the value of the greatest residual is 22 mm
against 28 mm and 29 mm of the first and the second analyzed models, respectively.

All these facts explicitly illustrate that the discrepancies |D| in the sublines in the Third
Levelling of Bulgaria are explained in the best way as a function of the sum of the absolute
values of the measured section elevations. Based on this fact and on the results obtained in [10]
concerning the lines in the Second and the Third Levelling in Bulgaria, a revision of [26] in
part of the allowable differences in lines, the preliminary assessment of the accuracy and the
choice of the weights applied in the adjustment of the precise levelling is needed. Also,
allowable differences of the discrepancies of the sublines should be added. A reasonable one
can be based on the discussed model in this section.

5. Conclusion

It is high time to face with the fact that the popular belief that the square root of the
levelling distance is the variable which describes the discrepancies |D| in the best way is not
appropriate concerning the relief of Bulgaria.

If we want to develop the precise levelling, then more time and efforts must be invested
in learning the errors referred to the factor of elevation, e.g. vertical movements of the tripod
and rods during the measurements, change in the rod meter, calibration of the rods, systematic
effect of the levelling refraction, etc.

The suggestions given in [27 — 28] should also be taken into consideration.
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OIIUT 3A OBACHSABAHE HA HATPYIIBAHETO HA
ABCOJIIOTHUTE PA3JIUKHU |D| MEXKJY BEKOBHUTE
HUBEJIAYHU PEINIEPU I 1 11 CTEIIEH B TPETATA
ITbPBOKJIACHA HUBEJIAIIUSA HA BbJIT'APUSA
YPE3 HAKOU PETPECUOHHU MOJEJN

1
B. IIBeTkOB
Kniouosu oymu: npeyusna nugenayus, epewiku, pasiuku

PE3IOME

C men u3cnenBaHe Ha BIMSHHETO HA pa3liMuHM (AKTOPU HA I'PEIIKH BHPXY HATPYII-
BaHETO HAa Pa3iMKM OT JBOWHHWTE M3MEPBaHMs B ITbPBOKJIACHATA HUBENIALUS Ca ChCTABEHH U
CPAaBHEHU TPH PETPECHOHHH MOJIENA.

Y CTaHOBEHO € ACHO U3pa3eHO HEMOCTOSHCTBO Ha JUCIEPCUsATa HA OCTaThLUTE HA MOJie-
JIMTE, KOUTO ca (PYHKIHS Ha IPOHUBEIMPAHOTO PAa3CTOSHHE.

MopensT, 6a3upaH Ha cymara Ha aOCOJIOTHUTE CTOMHOCTH HAa U3MEPEHUTE NpEBHILE-
HUS B HUBEIIAYHWTE CEKIMH, MMa Hal-Malka cpeJHa KBaJpaTHA IpeIlka M HaH-TIOCTOSHHA
JHCTIepcrs Ha OCTAaTBIUTE.

BB3 ocHOBa Ha Taka MOJIydEeHHUTE PE3yIATATH € HAIIPaBEH M3BOABT, Y€ HATPYIBAHETO HA
pa3iIMKUTE OT JBOMHWTE W3MEPBAaHUS B TpeTaTa IBPBOKJIACHA HUBeNAalus Ha beiarapus ce
CBBP3Ba MO-CKOPO C HATPYyNBaHE HA U3MEPEHUTE MPEBUIICHHUS, OTKOJIKOTO C yBeIMYaBaHEe Ha
IOBIDKMHATA Ha HUBEIAYHATA JIMHHUS.
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