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ABSTRACT 

The magnetic, electric and phonon properties of pure and ion-doped HfO2 nanoparticles 

are investigated theoretically using a microscopic model taking into account the spin-phonon 

interactions. By doping with Dy ions we observe a decrease whereas doping with Ni leads to 

increase of the magnetization M. A maximum in M for Y dopants at x = 10% is obtained. This 

is due to the different radii of the doping ions compared to the Hf ions as well as to the oxygen 

vacancies which appear by the doping process. The polarization P decreases with the 

temperature T. It has a kink at TN. P increases with decreasing nanoparticle size. The 

polarization is calculated for different dopant concentrations, it has a maximum at small x 

values. The phonon energy decreases whereas the damping increases with increasing T. By 

different ion doping the energy can increase or decrease. The damping always increases with x. 

We have also studied the size and doping dependence of the band gap energy in HfO2 

nanoparticles. 

1. Introduction 

Wide band gap oxide based diluted magnetic semiconductors (DMS) doped with 

transition metal (TM) ions have been studied due to number of unusual electronic and magnetic 
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properties. Recently, room-temperature ferromagnetism (RTFM) has been observed in 

undoped semiconducting TiO2, SnO2, CeO2, HfO2 nanostructures due to uncompensated spins 

or to oxygen vacancies at the surface [1 – 5]. Nanosized metal-oxide semiconductors such as 

HfO2 are currently attracting academic and industrial community due to its unique combination 

of properties. HfO2 has three crystalline phases at atmosphere pressure, monoclinic, the only 

stable phase at room temperature [6], tetragonal at approximately ~ 1700 °C and a cubic phase 

at ~ 2600 °C [7].  

Stabilization of tetragonal and cubic phase of HfO2 in ambient conditions can be 

obtained with doping by different methods of preparation and heat treatment [8]. Using density 

functional theory, Lee et al. [9] predicted that while dopants such as Si, Ge, Sn, P, Al or Ti 

having ionic radii smaller than Hf favour the tetragonal phase, dopants like Y, Gd or Sc with 

larger ionic radii stabilize the cubic phase of HfO2 at room temperature. The substitution of Hf 

with larger cations thus obviously increases the lattice volume resulting in a more stable cubic 

phase. For spintronic applications, it is desirable to have a material in which the magnetic 

metallic ions are diluted in a semiconductor lattice. This can be achieved by doping a non-

magnetic semiconductor (e.g., HfO2) with a TM element (e.g., Fe, Ni, Co) allowing the 

occurrence of a spin polarized current while still exhibiting all of the basic functions of an 

undoped matrix [10 – 14]. The magnetization Ms increases with increasing Ni content [11] and 

decreases with increasing of Dy doping [7]. Kumar et al. [7] have shown that while the Neel 

temperature (TN) for x = 0 in Dy doped HfO2 NPs is found to be 45.5 K, for x = 0.05, 0.07 and 

0.11, TN decreases to 4.6, 2.8 and 2.5 K, respectively. The doping effects with rare earth (RE) 

ions (Y, Dy, Ce, Sm, Eu) on the magnetic properties [7, 15 – 18] are also studied. To obtain the 

desired results it is necessary that the dopant atoms must be evenly dissolved in the host lattice 

and the resulting ferromagnetism indeed originates from the doped matrices.  

The group theoretical analysis of mode symmetry by Anastassakis et al. [19] predicts 18 

Raman-active modes (Ag and Bg), 15 infrared-active modes, and 3 acoustic modes. First-

principles calculations were performed to obtain a better understanding of the vibration modes 

[20 – 23]. Li et al. [24] have measured Raman spectra of monoclinic HfO2 at temperatures up 

to 1100 K. Raman peak shifts and broadenings are reported. Phonon dynamics calculations 

were performed with the shell model. Galvez-Barboza et al. [25] and Mendoza-Mendoza et al. 

[26] have studied the Raman spectra of Ce
-3

 doped HfO2 nanoparticles (NPs). Sharma et al. 

[11] have observed that in Ni doped HfO2 NPs as the concentration of Ni increases the HfO2 

phonon mode shifted to lower frequencies. Jayaraman et al. [27] have shown that the Raman 

peaks in HfO2 NPs are shifted to higher frequencies compared to bulk HfO2. To date the 

assignment of Raman peaks of HfO2 has not been fully convincing. Recently, in HfO2 pure and 

doped nanostructures ferroelectricity is observed [28 – 35]. The ferroelectric HfO2 can be 

applied for ferroelectric random-access memories and ferroelectric field-effect transistors [36]. 

From first principles, Barabash [37] predicts several, yet unknown, low-energy, dynamically 

stable phases of HfO2. One of the predicted metastable phases has a finite ferroelectric 

polarization and could be potentially responsible for the ferroelectric and/or antiferroelectric 

behavior recently reported in thin (Hf,Zr)O2-based films. The origin of ferroelectricity in 

Hf1-xZrxO2 is studied by Materlik et al. [38] using a computational investigation and a surface 

energy model. First-principles calculations are used to study the effects of neutral and 2+ 

charged oxygen vacancies on the dielectric properties of crystalline HfO2 by Cockayne [39].  

In the present paper, by using a microscopic model we will investigate the magnetic, 

electric and phonon properties of pure and TM and RE doped HfO2 NPs. We will connect the 

exchange interaction parameters with the changes of the lattice parameters due to the different 

ionic radius of the dopants. 
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2. Model and Method 

The Hamiltonian of a HfO2 NP for the magnetic subsystem taking into account the spin-

phonon interaction is given by: 

 
m sp sp phH H H   . (1) 

The magnetic properties are analyzed using the Heisenberg model for the Hf-ions with 

different valence states on the surface: 

    
2

,
  z z z

sp ij i j i j i ii j i
H J S S S S D S    , (2) 

where Si is the Heisenberg spin-operator for the localized spins at site i. Jij is the exchange 

integral between neighboring sites i and j of the Hf-ions, Di < 0 is the single-site anisotropy 

parameter (ǀ Di ǀ << Jij). The NP is defined by fixing the origin at a certain Hf-ion in the center 

of the particle and including all other Hf-ions within the particle into shells. The shells are 

numbered by n = 0, ..., N, where n = 0 denotes the central ion and n = N represents the surface 

shell of the system. In order to explain the experimentally observed connection between the 

lattice distortion and the magnetism in doped DMS NPs [40 – 42] we must take into account 

the anharmonic spin-phonon interaction Hsp-ph: 

    
, , ,

1 1
, , ,

2 4

z z
sp ph i j i j ri j i j r

H F i j Q S R i j r QQ S hc     . (3) 

F  and R  designate the amplitudes for coupling of phonons to the spin excitations in 

first and second order, respectively. 

Hph contains the lattice vibrations including anharmonic phonon-phonon interactions: 

    0 , , , , ,

1 1 1
, , , , ,

2! 3! 4!ph i i i i j r i j r si i j r i j r s
H a a B i j r QQ Q A i j r s QQ Q Q      , (4) 

where Qi and 0i are the normal coordinate and frequency, respectively, of the lattice mode. 

The ferroelectric properties are described by the Ising model in a transverse field: 

 
,

1

2

x z z
e i ij i ji i j

H B J B B    , (5) 

where x
iB , z

iB  are the spin-1/2 operators of the pseudo-spins, 0ijJ   denotes the nearest-

neighbor pseudo-spin interaction, Ω is the tunnelling frequency. According to Clima [43] we 

assume as the simplest model that the four O ions switch the polarization in the HfO2 unit cell 

by jumping in the same c direction over the potential barrier in a double-well potential. In the 

ordered phase we have the mean values 0xS    and 0zS   , and it is appropriate to choose 

a new coordinate system rotating the original one used in (5) by the angle  in the xz plane. 

The rotation angle   is determined by the requirement 0xS

  in the new coordinate system. 

In principle the coexistence of spontaneous electric polarization and a finite saturation 

magnetization could give rise to a multiferroic behavior such as in the HfO2 NPs. The full 

Hamiltonian e m me
H H H H    must include a coupling magnetoelectric term meH . We 

assume a biquadratic magnetoelectric coupling g between the two order parameters due to the 

fact that TC >> TN [44]: 
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, , ,

z z
me i j k li j k l

H g B B S S   . (6) 

To obtain the analytically expressions for the magnetization and the magnetic 

excitations we define the following Green's function: 

        ,  , ij i j i jG t i t S t S S t S       
 

. (7) 

The relative magnetization M is observed from: 

 
1

( 0.5)coth[( 0.5) ] 0.5coth(0.5 )z
n nn

S S E E
N

M S          , (8) 

where N is the number of shells,  = 1/kBT, kB is the Boltzmann constant, T is the absolute 

temperature. En are the elementary spin excitations of a given shell. For the spin excitation 

energy we obtain the following expression: 

 
   

  

2 2

,

2
2  

2 2 2 2

eff z z eff z
i j i j

z
ij im m i m i ij ijm

z z z z
i m i ij B i ij ii j i j

E J S S S S J S S S S
N

D S S S S g H S S

   

 


   




 


     


 (9) 

where N′ is the number of lattice sites. J
eff

 is the renormalized spin-spin exchange interaction 

constant due to the spin-phonon interactions F and R and the magnetoelectric coupling g : 

 
2

2 2

0

2
2 coseff F

J J gP
MR

   
 

. (10) 

The approximation which is used by the numerical calculation is the following: in 

Equation (9) we have taken into account the transverse correlation functions, which are 

obtained from the Spectral theorem, and have decoupled the longitudinal ones: 
z z z z
i j i jS S S S      . 

We have calculated the polarization in a HfO2 NP from the Green's function 

;ij i jg B B    : 

 
1

tanh
2 2

ij

i
Bj

E
P

N k T
  , (11) 

where 
ijE  is the transverse pseudo-spin wave energy: 

 

2 2

2 2

1 1
2 sin cos sin

2 4

1 1
cos   sin ,

2

eff eff
ij i i i i

eff eff
ij ij i j

i j

E P J P J

J J B B
N P

 

     

 



      


 (12) 

with  sin 4 / effPJ    and 
2

0 2eff zJ J g S S S  
   

 
. 
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The phonon energy is observed from the full Hamiltonian taking into account the 

anharmonic spin-phonon interactions F and R and the phonon-phonon interactions A and B: 

  2 2
0 0

1
2 2 1 ,

2ij i j ij ij ijr r ij ij ijr
M M R A N B Q

N

 
          

 
  (13) 

with 

 
 

 0

1
2 1

.
1

2 1

i j ij ij ijr rr

ij

i j ij ij ijr rr

M M F B N
NQ

M M R A N
N

  








   




 (14) 

Mi is the magnetization at site i. 

The phonon damping is also calculated using the method of Tserkovnikov [45]. All 

equations must be calculated self-consistently. 

3. Numerical Results and Discussion 

Undoped oxide NPs exhibit RTFM due to surface oxygen vacancies. The model 

parameters for an undoped HfO2 NP with an icosahedral symmetry are: J0b = 0.25 meV, 

Db = -0.1 meV, Fb = 4 cm
-1

, Rb = -0.35 cm
-1

, S = 1/2, Js = 0.6Jb, the phonon energy of the Ag 

mode is ω0 = 149 cm
-1

. 

  

Figure 1. Temperature dependence of the 

magnetization M/Mmax for pure (2), Dy doped (1) 

and Ni doped (3) HfO2 NPs (x = 2%) with 

different 
eff
d

J /
eff
b

J : (1) 0.2, (2) 1, (3) 1.2 

Figure 2. Y concentration dependence of the 

magnetization in HfO2 NPs, T = 30 K 

and N = 5 

Firstly, we consider the spontaneous magnetization Ms in pure HfO2 NPs. With 

increasing temperature, Ms decreases (Fig. 1). The magnetic phase transition temperature is 

45 K. Doping with different ions can change the magnetization in HfO2 NPs (Fig. 1, curve 2). 

We can see that by doping with Ni ions Ms is larger compared to the undoped case (Fig. 1, 

curve 3), whereas by Dy doping we have the opposite case – Ms is smaller (Fig. 1, curve1) than 

in the undoped case. This is in good qualitative agreement with the experimental data for Ni 

doping [11] and for Dy doping [7]. This is due to the different radii of Ni and Dy doping ions. 

The Ni ions, which have a valence close to 2+ [11], are smaller compared to the Hf ions, i.e. 

we have a compressive strain, which leads to enhanced exchange interaction constant J
eff

 and 
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larger magnetization. The Dy ions are larger compared to the host Hf ions; this is connected 

with a tensile strain, with smaller value of J
eff

 and smaller magnetization. By the doping in 

some cases we have a maximum value in the magnetization curve. For example, by Y dopants 

we observe a maximum in Ms(x) at x = 10% (see Fig. 2) in agreement with the experimental 

data of Ref. [16]. The increase of the magnetization with increasing Y dopant concentration x 

can be understood in terms of oxygen vacancies created to retain charge neutrality of HfO2 

matrix as some Ni ions that replace Hf
4+

, resulting in ferromagnetic interactions at lower 

concentrations. By higher Y concentration the oxygen vacancies increase stronger and this 

leads to antiferromagnetic interactions and the magnetization begins to decrease.  

As mentioned above, in the last years ferroelectricity is reported in HfO2 NPs by many 

authors [28 – 35]. Therefore we have calculated the polarization P in dependence on 

temperature (Fig. 3) and doping concentration (Fig. 4). With increasing temperature T the 

polarization P decreases and vanishes at the Curie temperature TC = 723 K [29] which is much 

higher in comparison with the magnetic phase transition temperature TN = 45.5 K. This means 

that the two magnetic and ferroelectric orderings have independent mechanisms. In particular, 

this generally leads to different transition temperatures for the two subsystems. The model with 

biquadratic coupling between the pseudospins and the magnetic moments can be applied to 

multiferroic substances where TC >> TN, for example in hexagonal RMnO3 and BiFeO3 [44, 

46]. It can be seen that at the critical magnetic temperature TN = 45 K there is a kink in the 

polarization which is due to the ME effect. At this temperature the magnetization in the 

multiferroic HfO2 NP vanishes. Unfortunately, there are no experimental data which conform 

this effect in our P(T)-curve. 

  

Figure 3. Temperature dependence of the 

polarization for a pure HfO2 NP 

Figure 4. Size dependence of the polarization 

for a pure HfO2 NP, T = 100 K 

It must be mentioned that the polarization increases with decreasing particle size (see 

Fig. 4) with Js > Jb. This is in agreement with the experimental data of Starschich and Boettger 

[30], and Shiraishi et al. [47].  

Doping with different ions leads to changes in the polarization in comparison with the 

undoped case. Therefore we have calculated P for Al and Y doped HfO2 NPs. The results are 

presented in Fig. 5. It can be seen that the polarization firstly increases with increasing dopant 

concentration. This is due to the enhanced oxygen vacancies and the ferromagnetic exchange 

interactions. Moreover, the radius of the doping Al ion is much smaller than that of the host ion 

Hf, we have a compressible strain, the exchange interaction J is enhanced, through the ME 

coupling the pseudospin interaction constant and the polarization, too. Then at a critical x value 

P reaches a maximum value and begins to decrease. With a further increase of the oxygen 

vacancies, by increasing the dopant concentration, there appears antiferromagnetic interaction, 
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i.e. the exchange interaction constants decrease and trough the magnetoelectric coupling also 

the polarization P. This discussion could be applied also for Y doping. A similar behaviour is 

reported by Mueller et al. [48, 49] in Al and Y doped HfO2 NPs, respectively. 

The peaks observed in the Raman spectrum of monoclinic HfO2 NPs at 110, 133, 149, 

256, 383, 500, 579 and 671 cm
-1

 could be assigned to the Ag modes [6, 50]. We consider the 

temperature dependence of the mode Ag = 149 cm
-1

 with a negative anharmonic spin-phonon 

interaction constant R < 0. We obtain a decreasing of the phonon energy with increasing 

temperature (Fig. 6) whereas the phonon damping increases with increasing T (Fig. 6). Such a 

softening of the Ag mode and broadening of this peak is reported by Li et al. [51]. The 

broadening of the Ag mode could be correlated with increasing O vacancy concentration by 

doping because this mode is very sensitive to disorder in oxygen sub-lattice. We observe that 

the phonon energy, i.e. the Raman peak value, is shifted to higher frequencies compared to the 

bulk monoclinic HfO2 [51], which is in agreement with the results of Jayaraman et al. [27]. 

  

Figure 5. Dopant concentration dependence of the 

polarization for a Al (1) and Y (2) doped HfO2 NP 

Figure 6. Temperature dependence of the phonon 

energy and damping for a pure HfO2 NP 

Now we will investigate the inuence of different ion doping on the phonon energy. The 

doping with Ni
3+

 or Al
3+

 ions in HfO2 leads to increasing of the phonon frequency (see Fig. 7, 

curve 2). It should be noted that the ionic radius of Ni
3+

 (70 pm) or Al
4+

 (68 pm) ions is smaller 

than that of Hf
4+

 ion (85 pm) [32, 52]. The lattice parameters of Ni doped HfO2 are also 

measured to decrease with increasing Ni dopants by Sharma et al. [11]. There appears a 

compressive strain, which leads in our model to increase of the exchange interaction and the 

spin-phonon interaction in the defect states due to the decreasing lattice parameters by the Al 

substitution. This means that we have to calculate the phonon energy with the following 

relation between the exchange interaction and spin-phonon constants in the defective and in the 

indefective states ǀJdǀ >ǀJbǀ, ǀRdǀ >ǀRbǀ. 

By doping with Y or Gd ions we obtain the opposite behaviour – a decrease of the 

phonon energy with increasing dopant concentration (see Fig. 7, curve 1). The ionic radius of 

Gd
3+

 (108 pm) or Y
3+

 (104 pm) ion is larger compared to that of the Hf
4+

 ion [32].This means 

that we have a tensile strain which is connected in our investigations with decrease of the 

exchange interaction and anharmonic spin-phonon constants, i.e. we use the relation ǀJdǀ <ǀJbǀ, 

ǀRdǀ <ǀRbǀ. This leads to a decrease of the phonon energy (Fig. 7, curve 1). A similar behaviour 

we observe also for Eu doping. The lattice parameters of Eu doped HfO2 increase because the 

ionic radius of Eu
3+

 (101 pm) is larger than the Hf one [53]. The effect of strain and oxygen 

deficiency on the Raman spectrum of monoclinic HfO2 is investigated theoretically using first-

principles calculations by Gao et al. [56]. 1% in-plane compressive strain applied to a and c 

axes is found to blue shift the phonon frequencies, while 1% tensile strain does the opposite. 
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Our calculations have shown that the phonon damping grows always with the dopant 

concentration whether the energy increases or decreases. The results are presented in Fig. 8, 

curves 1 and 2, and are in agreement with many authors. The phonon damping increases, i.e. 

the Raman modes are broadened due to the increased oxygen vacancy concentration when 

HfO2 is doped with trivalent ions like Y [57]. With further increase of the Y content the Raman 

modes become broader implying that oxygen vacancy concentration further increases. 

  

Figure 7. Dopant concentration dependence of 

the phonon energy in ion doped HfO2 NP, 

T = 200 K: (1) Y, (2) Ni 

Figure 8. Dopant concentration dependence of 

the phonon damping in ion doped HfO2 NP, 

T = 200 K: (1) Y, (2) Ni 

Finally, we have calculated and discussed the band gap energy for pure and ion doped 

HfO2 NPs. To be able to do this we need an extension of our model, namely we need the s-d 

model: 

 
s d sp el sp el el phH H H H H      . (15) 

Hsp is the Heisenberg model for the d-electrons (see eq. 2).  

Hel represents the usual Hamiltonian of the conduction band electrons: 

 el ij i j
ij

H t c c
 



 , (16) 

where tij is the hopping integral, ic

  and ic  are Fermi-creation and – annihilation operators. 

Hsp-el couples the two subsystems – Eqs. (2) and (16) – by an intra-atomic exchange 

interaction Ii: 

 
sp el i i ii

H I S s  . (17) 

The spin operators si of the conduction electrons at site i can be expressed as 

i i is c c 
  , ( ) / 2z

i i i i is c c c c 
     . 

Hel-ph represents the interaction between the electron and the phonon subsystems which 

plays an important role in HfO2 NPs [58 – 60]: 

    el ph i j k kjk
H i A ijk c c a a hc 

  
   , (18) 
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where 
ka  and 

ka  are phonon creation and annihilation operators, A(ijk) = A′(ωk/2V)
1/2

 is the 

electron-phonon interaction constant. 

In order to obtain the electronic energy 


  we define the following Green's function 

;ij i ig c c   . The equation of motion is: 

    
2

, ,
0

2
0.5 z z

i i i ij ij i i i j

A
s I S n g t g

     

 
        
  

 . (19) 

z
ns   is the conduction-electron magnetization in the n-th shell: 

  0.5z
ns n n   , (20) 

where n


   and n


    are the numbers of conduction electrons in the spin-up and spin-down 

bands, respectively. 

The band gap energy is calculated from the equation [61, 62]: 

    0
g

E k k k
  

     , (21) 

with 


  from Eq. (19). 

  

Figure 9. Size dependence of the band gap 

energy in HfO2 NPs, T = 300 K 

Figure 10. Dependence of the band gap energy on 

the Eu concentration in Eu doped HfO2 NPs, 

T = 300 K and N = 6 

The experimental band gap values for HfO2 are in the range from 5.1 to 5.95 eV [53 – 

55, 63 – 66]. The values are different for the different phases of HfO2 – monoclinic, tetragonal 

and cubic. Moreover, the Eg values change for different intensities of laser irradiation and after 

thermal annealing, which can be explained in terms of a dimensional factor [67]. We take the 

value of the band gap of bulk cubic HfO2 to be 5.1 eV [68]. The size dependence of Eg of 

monoclinic HfO2 NP is calculated taking into account the electron-phonon interaction. The 

result is shown in Fig. 9. It can be seen that the band gap Eg increases strongly with decreasing 

particle size due to size effects. For a NP with N = 3 shells we obtain Eg = 6.4 eV. This is in 

good qualitative agreement with the experimental data of Jayaraman et al. [27]. 

We have calculated also the band gap in Eu
3+

 doped HfO2 NPs. The band gap energy 

dependence on the Eu concentration is demonstrated in Fig. 10. Eg decreases with increasing 
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Eu doping concentration in agreement with the experimental data of Venkatachalam et al. [69]. 

The d states of the Eu ions and oxygen defects are mainly responsible for the narrowing of the 

band gap of HfO2 NPs. This decrease of Eg is due also to the strong s-d interaction between the 

band electrons and the localized electrons and to the strong electron-phonon interaction. In 

principle, band gap shifts can be understood as the net result of two competing mechanisms: a 

widening due to the Burstein-Moss effect, and a narrowing due to electron-electron and 

electron-ion scattering. 

4. Conclusion 

On the basis of a microscopic model, taking into account the anharmonic spin-phonon 

and phonon-phonon interactions and using the Green's function theory, we have studied the 

magnetic, electric and phonon properties of pure and ion doped HfO2 nanoparticles. The 

magnetization M in pure HfO2 nanoparticles is due to surface oxygen vacancies. The Hf ion 

appears in two valences Hf
4+

 and Hf
3+

. By doping with Dy ions we observe a decrease whereas 

doping with Ni leads to an increase of M. A maximum in M for Y dopants at x = 10% is 

obtained. This is due to the different radii of the doping ions compared to the Hf ions as well as 

to the oxygen vacancies which appear by the doping process. 

The polarization P decreases with the temperature. It has a kink at the magnetic phase 

transition temperature TN. P increases with decreasing nanoparticle size. The polarization is 

also calculated for different dopant concentrations, for example Al and Y. It has a maximum at 

small x values. 

The phonon energy decreases whereas the damping increases with increasing T. There 

is also a kink at TN. This is an evidence for the multiferroic character of the HfO2 nanoparticles. 

By different ion doping the phonon energy can increase (for example Ni,Al) or decrease 

(Y,Eu,Sm) due to the different relation between the anharmonic spin-phonon interaction in the 

defect state Rd and in the undoped state Rb. The damping always increases with x independent 

on the behaviour of the phonon energy. 

We have also calculated the band gap energy Eg in HfO2 NPs. It increases with 

decreasing NP size. Eg decreases with increasing the Eu dopant concentration in Eu doped 

HfO2 NPs. All results are in good qualitative agreement with the experimental data. 
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МАГНИТНИ, ЕЛЕКТРИЧНИ И ФОНОННИ СВОЙСТВА НА 

ЧИСТИ И ДОТИРАНИ МУЛТИФЕРОИЧНИ HfO2 НАНОЧАСТИЦИ 

А. Апостолов1, И. Апостолова2, Ю. Веселинова3 

Ключови думи: HfO2 наночастици, намагнитване, поляризация, фононна енергия, 

дотиране, микроскопичен модел 

РЕЗЮМЕ 

Mагнитните, електричните и фононните свойства на чисти и дотирани HfO2 на-

ночастици са изучени теоретично. Използван е теоретичен модел с отчитане на спин-

фононното взаимодействие. При дотиране с Dy намагнитеността М намалява, докато при 

дотиране с Ni нараства. Наблюдава се максимум в М при дотиране с Y при концентрация 

x = 10%. Тези ефекти се дължат, както на различните радиуси на дотиращите йони 

спрямо Hf йони, така и на кислородните ваканции, които се появяват при процеса на до-

тиране. Поляризацията P намалява с увеличаване на температурата T, като се наблюдава 

аномалия около TN. P нараства с намаляване на размера на наночастиците. Поляризация-

та е пресметната при различна концентрация на примесите, като се наблюдава максимум 

при малки стойности на x. С увеличаване на температурата Т фононната енергия намаля-

ва, докато затихването се увеличава. При дотиране с различни йони фононната енергия 

може да нараства или намалява. Затихването винаги нараства с увеличаване на x. Изу-

чена е също и зависимостта на ширината на зоната от дотирането и размера на HfO2 на-

ночастици. 
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