roavLIHUK HA YHUBEPCUTETA MO APXUTEKTYPA, CTPOUTENCTBO U FrEOOE3UA — CO®UA

lO6uneitHa NpuUnoxHa Hay4YHO-TeXHUYeCKa KoHdepeHLus
1,65 roauHn XuppoTtexHuyecku cakynteT u 15 rogMHU HeMCKOe3UKoBO oby4yeHune”

6—7 HoemBpu 2014
6-7 November 2014

International Jubilee Conference
,,65" Anniversary Faculty of Hydraulic Engineering and 15" Anniversary Hydraulic Engineering in German”

ANNUAL OF THE UNIVERSITY OF ARCHITECTURE, CIVIL ENGINEERING AND GEODESY — SOFIA

XLVII 3 2014 . 1-B

vol. fasc.

AN ALTERNATIVE APPROACH FOR MODE II STRAIN ENERGY
RELEASE RATE DETERMINATION IN OVERHANGING
BILAYERED POLYMER COMPOSITE BEAM

A. Mladensky'

Keywords: unidirectional fiber reinforced polymer, mode Il fracture, strain energy
release rate, compliance technique

Research area: engineering mechanics, strength of materials

ABSTRACT

The object under consideration is an overhanging beam made of two unidirectional
fiber reinforced polymer composites. The beam is manufactured in the way that the fibers of
the both composite materials are along the beam axis. A single crack situated parallel to the
reinforcing fibers is supposed to exist between the layers. The loading conditions as well as
crack location contributes to the Mode II fracture. The approach provided is based on the
method of superposition according to which the loading scheme is divided into two simpler
configurations. An expression for strain energy release rate is obtained applying the Fracture
mechanics compliance technique.

1. Introduction

Fracture mechanics develops methods for determination of strain energy release rate,
G, a parameter controlling crack propagation. First group of these methods relies on the
change in strain energy due to the existence of crack in the structure while second group
applies the compliance technique to obtain the result for G. It should be noted that both
methods attack the problem directly, i.e. they investigate cracks in the given configuration of
beam [1-6].
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However, the alternative methods for determination of fracture mechanics parameters
controlling crack growth are needed either to facilitate the solution or to give another
expression proving the validity of the results obtained. In the present paper, the approach
based on principle of superposition is presented and the formula for strain energy release rate
is derived.

The overhanging beam of rectangular cross-section is considered (Fig. 1). It has two
layers each one of which is made of unidirectional fiber reinforced polymer composite
situated in the manner that the fibers are parallel to the beam axis. A single crack exists
between the layers in the middle of the cross-section. The load is a vertical force F applied at
the overhang free end. Thus, the mode II fracture is provided.

F
Lrses Laver 1
~ Crack

Fig. 1. Model of the overhanging beam investigated.

2. Determination of strain energy release rate

The formula for strain energy release rate, G, is obtained on the basis of compliance
technique [7, 8]. According to this approach, G is:

_F_zd_C 6))
2b da’

where C =% is the compliance of the beam subjected to force F, while w is the vertical

displacement of the point of application of F.

Here, the vertical displacement of the point of application of F is determined applying
the principle of superposition according to which the loading scheme is resolved into two
simpler configurations [9]. First scheme represents the un-cracked beam acted upon by force
F. Second loading condition includes the axial loads T distributed uniformly on the two
crack arms. It should be noted that in order to keep the equilibrium the sense of T applied to
the upper crack arm is opposite to the sense of T applied to the lower crack arm (Fig. 2).
Besides, the origin of x-axis coincides with the left beam section and the positive sense is to
the right.

The beam compliance is obtained according to expression:

C=C, +Cy, )

where C, is the compliance of the un-cracked beam (loading configuration 4), while C, is

the compliance of the beam loaded by axial distributed load T (loading configuration B).
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Firstly, using Ref. [10], the modulus of elasticity of bilayered beam is obtained as a
function of the moduli of elasticity of the layers, i.e.

)
_ Ef +E5 +14EE,
8(E +E,)

F
Y Laver 1
~ Crack e

)

~ Crack

Fig. 2. Resolution of the loading scheme into two simpler configurations.

Further, the loading scheme 4 is considered and the vertical displacement of the point
of application of force F' is determined as:

2 2
FIOL AFLL(E, +E,)
wA(L)=3lE21= 5 li Tl )
(B + Ey +14EE, )bh
Hence, the compliance of the un-cracked beam is:
L 42L(E +E
CA=WA()_ LL(E + E,) 5)

F (B2 +E2+14EE)b

After that, the loading configuration B is analyzed and the vertical displacement of
the point of application of the force F is determined. Here, due to the fact that the loading
scheme is antisymmetric, the upper half of the beam is considered only. However, in order to
satisfy such analysis, the equality of the moduli of elasticity of the two layers is assumed, i.e.
E=E =E,. Of course, the statement that the moduli of elasticity of the two layers are

different should be taken into account and it would be done when the deformations of the
two crack arms are considered.
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The magnitude of the distributed load applied to the upper crack arm is obtained using
the well-known formula of Juravski as:
VS 3FL,

T="2

bl 4bhL, ©)

Under the action of this distributed load, the shearing stresses T of the sense opposite
to the sense of T arise in the un-cracked portion of the beam (Fig.3).
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Fig. 3. Upper half of the beam.

Now, the task is to obtain the shearing stresses function because it relates to the
functions of the beam deflection and slope. This is performed by means of Ref. [11] where
the bilayered beam of different height and stiffness of the layers is examined. The following
result is given for the shearing stresses function:

(x) = G 1 e M) 7

In (7), C; and C, are the constants while A is determined as:

2 2
L N ) g(B + B +14RE, )
Ebh  E,bh Elbh3 + Ezbh3 EE,(E, +E,)bh

A= I8 ; ®)

where & is coefficient accounting for the stiffness of the connection between the layers.

Further, taking into account the fact that the shearing stresses in the beam are small as
magnitude, while the stiffness of the connection between the layers has great value, i.e. A

A(x—a)

and e are great numbers, it is assumed C; =0 . Thus, the first term in (7) is neglected

and the shearing stresses function is obtained as:

U(x) = Cye M), )

In order to find C,, the equilibrium equation XFE. =0 is written and solved. The
result is:

3F C,b

—5a+i[e‘m‘“>—1}=o. (10)

4bhL, A

Then, in accordance with condition L >> a, it is obtained e ML-a) g Hence, the
result derived for C, is:

_3FLa
2 4bhL

(11
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Finally, the shearing stresses function is determined as:

_ M ), (12)

T(x
) 4bhl,
Next step is to obtain the bending moment function in the un-cracked beam portion.
In order to perform this, the infinitesimal segment of the beam is considered and equilibrium

equation is written. The result is:

M _ e (13)
dx 2
Then, substituting (12) into (13) the following result is found:
(14)

3F
gt

Further, the functions of the slope 0.;(x)and deflection wy(x) of the un-cracked

beam portion have to be obtained. For this purpose, the following relations are applied:

9F
ocB(x)=—LIM(x)dx :——lzie_“x_“) +D), (15)
El 2EL DI\
(16)

9FL,a
—ZQe_Mx_a) + Dlx + D2 .

wp (x) = [oux)dx = 2EL1bh3k2

The solution continues with determination of the bending moment function in the

beam cracked portion. The result is:

M(x):)f[—ﬁbf}lx:—%)jc 3L x=—3F—L2x. (17)
ol 2 2 o\ 4bhL, 8L,

In order to take into account the different moduli of elasticity of two composites
building the beam, the bending moment function is resolved into two components.
According to Ref. [12], it is obtained:

_ E F _ E, F
Ml(x)=—§—1—L2x, M2(x)=—§—2—L2x. (18)
S8E+E, L SE+E, L

Then, expressions for slope and deflection in cracked beam portion are found as:

9F
—lq 3 )c2 + D3 s
2(E, + E,) bk

0 (x) = (19)
3L, X+ Dyx+D,. (20)

V()= 2(E, + Ey)L,bK
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Constants D, D,, D;, and D, are derived using the boundary conditions
corresponding to the beam configuration. Then, since the purpose is to obtain the vertical
displacement of the point of application of the force, the function wj (x)is written as:
3 3 2
9 9
L (x-n). @)
E+E, 8E 8EL SE\

9F, 4F,
L2 a e—k(x—a) + LZ

5= 2ELbRN 2bi
Further, x = L is substituted into (21). The result is:
AFDd 4FL; E +E, 3 9% 9a
M5 (H)= (E +E )L il [Ef +E} +14E,E, ](d _ﬁ_w] @

Thus, the compliance of the beam of loading configuration B is:

o ) _ 4a® 45 E +E, 59 9% )
PF (E+E)PE 6D\ ER+ B2 +14E5E, g 8t )

Then, substituting (6) and (28) into (2), it is obtained for C:

2 23
oo ABUE+E)  4hd
(Bl +E; +14E E))bl®  (E +E, )bh’L;

4[%( E+E J[ag 942 9_a} o

bIPL | B} +E; +14EE, 8L 8\’
After that, the first order derivative of C with respect to « is derived as:

2 2 2
dc_ 1204 12 E +E, PREIE 5)
da  (E+E)bh'E  bi’L | B} +E2 an sa?)

HE, )b 2\ B} +E2 +14EE, 8

Finally, (25) is introduced into (1). The expression for G takes the form:

6F 2d? 6F*13 E +E, > 3a 3
- 232 232 72, 2 ST o) (26)
(B +E)b"rL b IPL\ Ef +Ey +14EE, 4N g

3. Verification of the solution
In order to prove the validity of (26), the following formula from Ref. [13] is used:

242 2
_T2F’La EE, N
VRL | (E +E)E +E5 +14EE,) |

212 2 2 ' '
ML 1 (BB 66y on
thl‘f (E1+E2)2 le Gv2 4G'1G'2

where the second term gives the shearing forces influence.
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Firstly, formula (26) is rearranged, as follows:

o 2F EE,
= +
VRL | (B +E)E +E; +14EE,)

9F2 L5 (2ah+) E +E,
+ 2137242 2 2 ’
4b" I LA Ef +E; +14EE,

(28)

Then, expressions (27) and (28) are compared. It should be noted that since the beam
of big length is under consideration, the shearing forces influence can be neglected.
Moreover, it has already been mentioned that the stiffness of the connection between layers

1 . .
has great value, and, thus == 0. Finally, the comparison reveals that the two formulas for

G completely match.

4. Conclusions

The present paper deals with a single crack in overhanging bilayered composite beam.
The beam is built up by two unidirectional fiber reinforced polymer composites and is loaded
by a vertical force applied at the free end of the overhang beam part. The configuration
proposed contributes to the mode II crack growth.

An alternative method for determination of strain energy release rate, G, is developed.
It relies on fracture mechanics compliance technique, but the essence of the approach is that
the loading scheme is resolved into two simpler configurations. Thus, the vertical
displacement of the point of application of force F is easily obtained and substituted in the
formula for beam compliance.

As a summary, it should be mentioned that the method developed in the article
provides a different view on conventional problem for strain energy release rate
determination. Applying the principle of superposition and mechanics of materials
techniques, it is possible to derive result for G which can be used for comparison with well-
known results in specialized literature.
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AJTEPHATUBEH MMOJXO/ 3A ONPEJEJSIHE HA CKOPOCTTA
HA OCBOBOJIEHATA TIOTEHIIMAJTHA EHEPTUS HA
JTE®OPMALMSTA TP TYKHATHHA TIO OCHOBHA ®OPMA 11
B JIBYCJIOMTHA KOMITO3UTHA I'PEJIA

A. MutageHcku!

Kniouoeu Oymu: eOHONOCOYHO apMUPAH NOAUMEPEH KOMRO3UMEH MAamepuar,
nYKHaAmMuHa no ocHogna Gopma I, ckopocm Ha 0c60H600eHAMA NOMEHYUATHA eHepausi Ha
degpopmayusma, noOAmMaUBOCM

Haylma oonacm: cmpoumenna mexanuka, ConpomueiieHue Ha mamepuaiume

PE3IOME

OOexT Ha M3cieIBaHe B CTATHATA € IPOCTa Ipefa ¢ KOH30JHO W3MaeH Kpal, n3rpa-
JICHa OT JIBa €JHOMOCOYHO apMHUpaHU MOJMMEPHH KOMIO3uTa. ['penara e mpousBelneHa Mo
TaKbB HAYWH, Y€ apMHUPOBBHUHHUTE BJIAKHA M Ha JBaTa KOMIIO3HMTA Jla Ca OPHEHTHPAHHU TI0
HalpaBJIeHHe Ha HeliHaTa oc. B rpenara mpeqBapuTeNiHO € HalpaBeHa IyKHATHHA, KOSTO €
ycriopejHa Ha apMHPOBBYHHTE BIIAKHA M € Pa3IoIoKeHa MeX /Ty J1BaTa Marepuaia. [Ipuera-
Ta TOBapHa KOH(MUIypaLusl U MOJI0KEHHETO U BUJIAa HA OIIOPHUTE YCTPONCTBA Ch3/AaBaT yCIo-
BUS 32 HapacTBaHe Ha MyKHATHHATa 110 ocHoBHA Gopma II. TIprmoxken e moaxoy 3a u3cie-
BaHe Ha IyYKHATHHATA, ChIJIACHO KOWTO TOBapHATa CXeMa € pa3zejieHa Ha IBE ChCTOSHHS.
®dopmymnaTa 3a CKOpOcTTa Ha 0ocBoOOJieHaTa IMOTEHIMANHA €Heprus Ha nedopmarmsira e
W3BE/ICHa CHIJIACHO KOHIICMIMATA 3a IOAATIMBOCT B JIMHEHHO-eACTHYHATa MEXaHUKAa Ha
pa3pyuIeHHETO.
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